Abstract. A class of piecewise continuous, piecewise C1 transformations on the interval J c R with finitely many discontinuities n are shown to have at most n invariant measures.
1. The way phenomena or processes evolve or change in time is often described by differential equations or difference equations. One of the simplest mathematical situations occurs when the phenomenon can be described by a single number and when this number can be estimated purely as a function of the previous number. That is, when the number xn+x can be written as xn+x = t(x") where t maps an interval J c R into itself. For x E J, let t°(x) denote x and t"+x(x) denote t(t"(x)) for n = 0,1.We will sayp E J is a periodic point with period n if p = t"(p) andp ¥= rk(p) for 1 < k < n. We say p is a periodic point if p is periodic with some period « > 1. In this paper we assume t is piecewise continuous and piecewise twice continuous differentiable. We also assume that à t ^> 1 where Jx -j x E /, -t(x) exists \.
(1.1) inf xOEJx We will refer to the points of J -Jx as the points of discontinuity. For such a transformation all periodic points of t are unstable. See, for example, [4] . For x E J, let A(x) be the set of limit points of t"(x), that is, N-Ï Notice that t(A(x)) -A(x). We show that A(x) is the union of (one or more) intervals of positive length for almost all x E J. Furthermore, there is a finite collection of sets L,.Ln, where each L¡ (i = 1,..., n) is a union of disjoint intervals, such that for almost all x E J, A(x) is one of the sets L¡.
The intersection L, n L, contains at most a finite number of points when i ¥* j and each L¡ contains in its interior a point of discontinuities of r and/or dt/dx. Hence as a corollary we have that if t has at most one point of discontinuity then « = 1 and A(x) = A(y) for almost all x and.y in /.
A measure p is said to be invariant (under t) if for all measurable S c J, we have p(S) = u(t-1(S)) where r~\S) = {x E J: t(x) E S). In [3] , Lasota and Yorke showed for the transformation t under study here there exists an absolutely continuous invariant measure. This result generalizes some previous results of Gel'fond [1] , Lasota [2] , Parry [5] and Rényi [6] . We show in §2 that for each L¡ there exists a unique absolutely continuous invariant measure p¡ which is invariant for t such that p¡(L¡) = 1 and p^Lj) = 0 for/ <£j.
Furthermore, any absolutely continuously invariant measure p can be written as 2a,p, for appropriately chosen constants a,.
If t and t' have at most one point of discontinuity then there is a unique absolutely continuous invariant measure for t. Hence t is ergodic on /. Other properties of these transformations are discussed in [4] .
The referee has pointed out that in [8] a similar result is -proved using different techniques. They do not estimate the number of invariant measures and so do not discuss conditions under which t is ergodic. for all measurable sets F. We say / is invariant (under t) or is an invariant function (of FT) if
for every measurable set F c [0, 1] . Notice that/is invariant if and only if PTf = / almost everywhere. It is well known that/ is invariant under t if and only if the measure dp = f dm is invariant under t. In [3] , Lasota and Yorke prove that invariant functions of PT exist and every invariant function of Pr is a function of bounded variation in L1.
Definition 2.1. Let/ be a function defined on [0,1]. We call the set, on \vhich the function / is nonzero, the support of / and denote it, spt /. Notice that spt/need not be closed in our definition.
The following property concerning the structure of the support of a bounded variation function is essential for this paper. Proof. We only need to show that M is at most countable. Suppose this is not the case. Then there exists m > 0 such that the set S = {x: f(x) > 1/m) n M is uncountable. For, otherwise, the set M would be a union of countable sets. Since M contains no interior points the variation of / over any interval containing 5 would be unbounded. Hence M is at most countable.
D
Let F be the set/ E L1 which is invariant under r (so F is a subspace). As mentioned earlier, by [3] , each/ in F represents a class of functions which is equal almost everywhere to a function /0 of bounded variation. By Proposition 2.1, we can write spt/0 as a disjoint union of countable intervals {K") and a set M which is at most countable. Let/, = /0 on U K" andfx = 0 elsewhere. Then, /, equals /0 almost everywhere. Hence, we may assume, without loss of generality, that every /in P is a function of bounded variation, and its support consists of closed intervals. Theorem 1. There is a finite collection of sets Lx,..., Ln and a set of functions {/,./"} c F such that (1) each L¡(1 < / < n) is a finite union of closed intervals; (2) L¡ n Lj contains at most a finite number of points when i =£ j; (3) each L¡ (1 < / < ri) contains at least one point of discontinuity Xj (JE {1,..., k)) in its interior; hence n < k; (4)/(*) = Ofor x E L" 1 < i < n, and f(x) > Ofor almost all x in L¡; (S)fLJi{x)dx«lforl<i<n; (6) if g E F satisfies (4) and (5) for some 1 < i < n, then g = / almost everywhere; (7) every f E F can be written as f -'E"_xaifi with suitable chosen (a¡).
Remark. Consider the simple transformation of the form t(x) = 2x, 0 < x < 1/2,
where 0 < a < 1/2 (see Figure 1) . In [7] , S. Ulam pointed out that it was not known even in this simple case whether there was a function invariant under t. The complete answer to this problem is now clear. In fact, the existence of an invariant function is guaranteed by Theorem 1 of Lasota-Yorke [3] and the uniqueness (up to constant multiples) follows immediately from Theorem 1 stated above.
Before proving Theorem 1, we give the following definitions and a series of lemmas.
Definition 2. We now list some obvious properties of invariant sets which are for later reference. If A is an invariant set, then The last equality follows by Corollary 2.1. □ For / G L2, we write P(f) = {x: f(x) > 0} and N(f) = {x: f(x) < 0). We will often write P,N for P(f), N(f) when no clarification is needed. Since/ > 0 in P -t(P), hence m(P -t(P)) -0. Therefore t(P) = P a.e. Similarly t(N) = N a.e. □ Lemma 2.4. /// is invariant then f • XP and f-XN are invariant.
Proof. By Lemma 2.2 and Lemma 2.3 these functions are invariant, fj Lemmas 2.5 through 2.8 are for demonstrating how to "transform" a set of linearly independent invariant functions into a set of invariant functions with disjoint supports. •fr-l(S)-S Suppose there exists interval K with K c spt/-S. Choose 7, to be the largest such interval. Since K contains no discontinuity Xj, we have r(K) is an interval of length greater than m(K). Hence t(K) c S and K c r~\S). By (2.10), ¡¡J= 0. This is a contradiction since K is in the support of /. Therefore S = spt/ and P < 00. □ Proof of Theorem 1. By Lemmas 2.7 and 2.8, there exist at most n functions in F with disjoint supports and the support of each function contains at least one discontinuity x, in its interior. Let 77 = {/,,... ,/"} be the set in F, which has the maximum number of functions having the above properties and ||/|| = 1 for/ E 77. Let L¡ = spt/. Then (1), (2), (3), (5) of Theorem 1 are satisfied. Suppose for some i£(I.n), f¡ assumes both positive and negative values on subsets of L¡ with positive measures. Then, by letting/.1 = / V 0 and/-2 = / A 0, we may increase the number of functions in 77 by 1. This is a contradiction. Hence, by replacing/ by -/ if necessary, we may assume/ > 0 on L¡ for all 1 < /' < n. In order to prove (6), let g E F satisfy (4), (5) for some /£{!,...,«}.
If g¥*ft almost everywhere, then both (g -f¡) V 0 and (g -f¡) A 0 are not equal to zero almost everywhere. This is impossible since H has the maximum number of functions in F having disjoint supports. Hence (6) 
